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This paper presents a new integral-equation method to solve Burgers equation
for nonlinear acoustic waves in a duct spreading geometrically along its axis.
The nonlinear integral equation is derived by effecting the Cole-Hopf transfor-
mation to the Burgers equation and then by applying the Green’s function to
the equation thus transformed. Under a step initial condition, two methods are
demonstrated to solve the integral equation, one being the method of pertuba-
tion expansion and the other the method of successive approximation. They are
exemplified by solving propagation of an acoustic shock wave in a duct whose
cross-sectional area changes abruptly in the form of a step function. It turns out
that the method of perturbation expansion gives rise to the non-uniformity to
fail in describing a long-time and far-field behavior. By contrast, the method of
successive approximation solves the linearized integral equations by iterations in-
finite times to derive exact solutions if the convergence is attained. It is revealed
that the method of successive approximation can yield a uniformly valid solution.
1.
, – ,
“ Burgers ” (1) :
$\frac{\partial v}{\partial t}+\frac{\partial v}{\partial x}+v\frac{\partial v}{\partial x}-\nu\frac{\partial^{2}v}{\partial x^{2}}=-\frac{v}{2A}\frac{\partial A}{\partial x}$ . (1)
, $t$ , $x$ , , $v(t, x)$
, $A(x)$ . , $l$ ,
$a_{0}$ $A_{0}$ .
, $|v|$ 1 $\text{ }$ , $A(x)$
0(1) , , $|\partial A/\partial x|$
. $\nu$ $(0<\nu<<1)$ , $\nu_{d}$
$l\text{ _{}d}/2la_{0}$ . , , ,
, 1 , 2 .
(1) Burgers , Cole-Hopf ,
$\text{ }.(2)$ , ,
, . , $l\text{ }$
.(1) ,
, (1) . , (1)
Cole-Hopf ,
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$\text{ }\ovalbox{\tt\small REJECT}$ , .
2. Burgers





$L[\varphi]\equiv\varphi_{t}(t, x)+\varphi_{x}(t, x)-\nu\varphi_{x}x(t, X)=0$ . (3)
.
$x$ , $t=0$ , $v$ $x=x_{0}$
$(x>x_{0})$ , $(x<x_{0})$ – – $v_{0}(>0)$ ,
:
$v(t=0, x)=v_{0}[1-h(x-x0)]$ . (4)




1 $(x\geq x_{0})$ .
(5)
(5) (3) , $\sqrt[\backslash ]{}$ $G(t_{X},)$
$\varphi(t, x)=\int_{-\infty}^{\infty}G(t, x-\xi)B(\xi)\mathrm{d}\xi$ (6)
. , $G(t, x)$




$\varphi(t, X)=\frac{1}{2}[1+\mathrm{e}\mathrm{r}\mathrm{f}(\frac{X+v_{0}t/2}{\sqrt{4\nu t}})]+\frac{1}{2}\exp(-\frac{v_{0}}{2\nu}X)[1-\mathrm{e}\mathrm{r}\mathrm{f}(\frac{X-v_{0}t/2}{\sqrt{4\nu t}})]$ (8)
. , $X=x-x_{0}-Ct,$ $c=1+v_{0}/2$ , $\mathrm{e}\mathrm{r}\mathrm{f}(x)$
$\mathrm{e}\mathrm{r}\mathrm{f}(x)=\frac{\mathit{2}}{\sqrt{\pi}}\int_{0}^{x}e^{-\xi^{2}}\mathrm{d}\xi$ , $(\mathrm{e}\mathrm{r}\mathrm{f}(\infty)=1)$ (9)
. , $X$ $t$ ,
:
$\varphi(t, x)=1+\exp|-\frac{\cup}{2\nu}(x-x0-Ct)\rfloor$ (10)
(2) , Burgers :
$v(t, x)=v_{0} \{\frac{\exp[-v_{0(}x-X_{0}-Ct)/2\nu]}{1+\exp[-v_{0(}x-X_{0}-Ct)/2\nu]}\}=\frac{v_{0}}{2}\{1-\tanh[\frac{v_{0}(x-X_{0}-ct)}{4\nu}]\}$ . (11)
1 , $v_{0}=0.1$








, $\mathcal{L}[\varphi]$ (3) , $N$
$N[ \varphi]\equiv-\frac{1}{2}\int^{x}-\infty \mathrm{d}\eta\frac{\varphi_{\eta}(t,\eta)A_{\eta}(\eta)}{\varphi(t,\eta)A(\eta)}$ (13)
. , $G(t, x)$
:
$\varphi(t, x)=\varphi^{(0)}(t, x)+\int_{-\infty}^{\infty}\mathrm{d}\xi\int 0)\mathrm{d}\tau c(t-\tau, x-\xi N[\varphi t,)(\mathcal{T}\xi]\varphi(\tau, \xi)$ . (14)
, $\varphi^{(0)}(t, x)$ (5) (3) .
, 2 , $\varphi^{(0)}$
$\varphi^{(0)}(t, x)=1+\exp[-\frac{v_{0}}{2\nu}(x-x0-Ct)]$ (15)
, $x_{0}$ $(x_{0}arrow-\infty)$
, (14) $\varphi^{(0)}$ (15) . , $x_{0}$
$\text{ }$ , $t=0$ .
4.
, (14) . , ,




$\varphi(t, x)\simeq\varphi^{(0)}(t, x)+\alpha\varphi^{(1)}(t, x)\equiv\varphi^{\{1\}}(t, x)$ (17)
, (14) , 1 $\varphi^{\{1\}}(t, x)$ :
$\varphi^{\{1\}}(t, x)=\varphi^{(0)}(t, x)+\int_{-\infty}^{\infty}\mathrm{d}\xi\int_{0}^{t}\mathrm{d}\tau G(t-\mathcal{T}, x-\xi)N(0)(\mathcal{T}, \xi)\varphi((0)\xi \mathcal{T},)$ . (18)




. , $A(x)$ :
$A(x)=A(- \infty)+\int_{-\infty}^{\infty}\mathrm{d}\eta\frac{\mathrm{d}A(\eta)}{\mathrm{d}\eta}h(_{X}-\eta)$ . (20)
, , $x=x_{1}$ :
$A(x)=A_{1}[1+ \frac{A_{2}-A_{1}}{A_{1}}h(x-x_{1})]$ . (21)





$N^{(0)}(t, x)$ $=$ $\int_{-\infty}^{x}\frac{\varphi_{\eta}^{(0)}(t,\eta)}{\varphi^{(0)}(t,\eta)}\frac{\partial}{\partial\eta}\log[A^{-}\frac{1}{2}(\eta)]\mathrm{d}\eta$
$=$ $\int_{-\infty}^{x}\frac{\varphi_{\eta}^{(0)}(t,\eta)}{\varphi^{(0)}(t,\eta)}\frac{\partial}{\partial\eta}[\log\frac{1}{\sqrt{A_{1}}}+\log\frac{\sqrt{A_{1}}}{\sqrt{A_{2}}}h(x-X_{1})]\mathrm{d}\eta$
$=$ $\alpha\int_{-\infty}^{x}\frac{\varphi_{\eta}^{(0)}(t,\eta)}{\varphi^{(0)}(t,\eta)}\delta(x-x_{1})\mathrm{d}\eta$
$=$ $\alpha E(t)h(_{X}-x_{1})$ (22)
. , $\alpha\equiv\frac{1}{2}\log A_{1}/A_{2}(|\alpha|<<1)$ , $E(t)$
$E(t) \equiv-\frac{v_{0}}{\mathit{2}\nu}\{\frac{\exp[-v0(x_{1^{-x}}0-ct)/2\nu]}{1+\exp 1-v0(x_{1}-x0-Ct)/\mathit{2}\nu]}\}$ (23)
. (22) (23) (18) , $\varphi^{(0)}$ $G(t-\tau, x-\xi)$
, $\exp[-v0(x-x0-ct)/\mathit{2}\nu]$ . $\varphi^{\{1\}}$ :
$\varphi^{\{1\}}(t, x)=1+f(t, x)+[1+g(t, X)]\exp[-\frac{}v_{0}}{2\iota \text{ }(x-x_{0-C}t)]$ . (24)
, $f(t, x)$ $g(t, x)$
(25)$f(t, X)= \frac{\alpha}{\mathit{2}}\int_{0}^{t}\mathrm{d}\tau E(_{\mathcal{T})}\{1+\mathrm{e}\mathrm{r}\mathrm{f}[\frac{x-x_{1}-k^{-}(t-\mathcal{T})}{\sqrt{4\nu(t-\mathcal{T})}}]\}$ ,
(26)$g(t, x)= \frac{\alpha}{\mathit{2}}\int_{0}^{t}\mathrm{d}\tau E(_{\mathcal{T})}\{1+\mathrm{e}\mathrm{r}\mathrm{f}[\frac{x-x_{1}-k+(t-\mathcal{T})}{\sqrt{4\nu(t-\mathcal{T})}}]\}$
50
. , $.k^{+}=c+v_{0}/2=1+v_{0},$ $k^{-}=c-v0/\mathit{2}=1$ .
$\nu$ , (25) (26)
,
$f(t, x)= \alpha\int_{0}^{t}\mathrm{d}\tau E(\tau)h[x-x_{1^{-}}k^{-}(t-\tau)]$ , (27)
$g(t, x)= \alpha\int_{0}^{t}\mathrm{d}\tau E(\tau)h[x-x_{1^{-k}}+(t-\tau)]$ (28)
. , , $\nuarrow 0$ , $E(t)$ $(v\mathrm{o}/\mathit{2}\nu)h[-(x_{1^{-}}x0-Ct)]$
, $f(t, x)$ $g(t,x)$ : $f=g=0$ in $x<X_{1}$ ,-
$X>X_{1}$ , (i) $f=g=0$ for $t<t$ $[\equiv(x_{1^{-x\mathrm{o})}}/c],$ $(\mathrm{i}\mathrm{i})f=g=-(\alpha v\mathrm{o}/\mathit{2}\nu)(t-t_{c})$ for
$t_{c}<t<t_{\pm}[\equiv t_{c}+(x-X_{1})/k^{\pm}],$ $(\mathrm{i}\mathrm{i}\mathrm{i})f=-(\alpha v_{0}/2\nu)(X-X_{1})/k^{-},$ $g=-(\alpha v_{0}/\mathit{2}\nu)(x-X_{1})/k^{+}$
for $t>t_{\pm}$ .
2 , $v_{0}=0.1$ $x_{1}=0$ $\alpha=-0.2$
, $v$ $t/\nu=\mathit{2}00$ 900 ,
$t/\nu=100$ . $x_{0}/\nu=-3\mathrm{o}\mathrm{o}$
. , . – ,




Error $[ \varphi]\equiv\frac{\varphi_{t}(t,X)+\varphi x(t,x)-l\text{ }\varphi_{x}x(t,X)-N[\varphi]\varphi(t,x)}{v_{0}\varphi(t,x)/\mathit{2}\nu}$ . (29)
1 (24) ,
Error $[ \varphi^{\{1\}}]=\frac{2_{l\text{ }}{v_{0}}}\{N^{(0)}(t, x)\frac{\varphi^{(0)}}{\varphi^{\{1\}}}-N[\varphi(1)]\}$ (30)







$\ulcorner$ $\mathrm{f}\tau 1\urcorner$ .rror $[ \varphi^{\{1\}}]=\alpha+\frac{\alpha}{k^{+}}-\frac{\alpha}{1-\alpha v_{0()}x-x_{1}/\mathit{2}\nu k^{+}}$ $(x>x_{1})$ . 31)
, $N[\varphi^{(1)}]$ $(\alpha v_{0}/\mathit{2}\nu)(1+\alpha/k^{+})$ . , $x-x_{1}$










, $\varphi^{\{1\}}$ $\mathcal{L}[\varphi]=N[\varphi^{(0}])\varphi^{()}0$ . , $\varphi$
$\varphi^{(0)}$ , $N[\varphi]$ $N[\varphi^{()}0]$ , :
$\mathcal{L}[\varphi]=N[\varphi^{()}0]\varphi$ . (32)
, (12) , .




, 2 $\varphi^{[2]}$ . ,
$n$ $\varphi^{[n]}$ :
$\mathcal{L}[\varphi]=N[\varphi^{[]}n-1]\varphi$ . (34)
, $\varphi^{[n]}$ $narrow\infty$ ,
$\lim_{narrow\infty}\varphi[n](t, x)=\lim_{narrow\infty}\varphi 1n-1](t, x)=\varphi(t, x)$ , (35)
$\varphi$ . , $n$ $\varphi^{[n]}$
:
$\varphi^{[n]}(t, x)=\varphi^{[0]}(t, x)+\int_{-\infty}^{\infty}\mathrm{d}\xi\int_{0}^{t}\mathrm{d}\tau G(t-\tau, x-\xi)N[n-1](\tau, \xi)\varphi^{[n]}(\tau, \xi)$ . (36)
$N^{1^{n-}11}(t, X) \equiv N[\varphi[n-1]]=-\frac{1}{2}\int_{-\infty}^{x}\mathrm{d}\eta\frac{\varphi_{\eta}^{[n-1]}(t,\eta)}{\varphi^{1^{n-1}]}(t,\eta)}\frac{A_{\eta}(\eta)}{A(\eta)}$ $(n=1,\mathit{2},3, \ldots)$ (37)
.
, $n=1$ (36) .
$\varphi^{[1]}(t, x)=\sum_{m=0}^{\infty}f_{m}(t, x)+\exp[-\frac{v_{0}}{\mathit{2}\nu}(x-X_{0}-Ct)]\sum_{m=0}^{\infty}gm(t, x)$ , (38)
$f_{m}(t, x)$ $g_{m}(t, x)(m=1,2,3, \ldots)$ (t, $x$) $=g\mathrm{o}(t, x)=1$
:
$f_{m}(t, x)= \int_{-\infty}^{\infty}\mathrm{d}\xi\int_{0}^{i}\mathrm{d}\tau G^{-}(t-\mathcal{T}, X-\xi)N^{11}0(\tau, \xi)fm-1(\tau, \xi)$ , (39)
$g_{m}(t, x)= \int_{-\infty}^{\infty}\mathrm{d}\xi\int_{0}^{t}\mathrm{d}\tau G^{+}(t-\tau, x-\xi)N^{[0}](\tau, \xi)g_{m}-1(\tau, \xi)$ . (40)
, $G^{\pm}(t, x)$ :
$G^{\pm}(t, x) \equiv\frac{1}{\sqrt{4\pi\nu t}}\exp[-\frac{(x-k^{\pm_{t}})^{2}}{4\nu t}]$ (41)
, $k^{\pm}\equiv c\pm V\mathrm{o}/2$ , .
,
. , $\nuarrow 0$ . , $f_{m}(t, x)$
$g_{m}(t,x)$ :
$f_{m}(t, x)= \int_{0}^{t}\mathrm{d}\tau N[01[\tau,x-k^{-}(t-\mathcal{T})]f_{m-}1[\tau, X-k-(t-\mathcal{T})]$ , (42)
53
$g_{m}(t, x)= \int_{0}^{t}\mathrm{d}\tau N^{[}0][7^{-},$ $x-k^{+}(t-\tau)]gm-1[\tau,$ $x-k^{+}(t-\tau)]$ . (43)
, $f\mathrm{o}(t, x)=g\mathrm{o}(t, x)=1$ , $f_{m}(t, x)$ $g_{m}(t, x)$ $m$
, :
$f_{m}(t, x)$
$= \int_{0}^{t}\mathrm{d}_{\mathcal{T}_{1}}N^{[}0][\tau_{1},$ $x-k-(t- \tau_{1})]\int_{0}^{\tau_{1}}\mathrm{d}_{\mathcal{T}_{2}}\cdots\int_{0}^{\tau_{m-1}}\mathrm{d}_{\mathcal{T}N}m[0][\tau_{m},$ $x-k^{-}(t-\mathcal{T}m)]$
$= \frac{1}{m!}\{\int_{0}^{t}\mathrm{d}\tau N1^{0]}[\tau,$ $x-k^{-}(t-\tau)]\}^{m}$ , (44)
$g_{m}(t, x)$
$= \int_{0}^{t}\mathrm{d}_{\mathcal{T}_{1}}N^{[}0][\tau_{1},$ $x-k^{+}(t- \tau_{1})]\int_{0}^{\tau_{1}}\mathrm{d}\tau_{2}\cdots\int_{0}^{\tau_{m-1}}\mathrm{d}\tau N^{[0]}[mm’-k+(t-\tau m)\tau x]$
$= \frac{1}{m!}\{\int_{0}^{t}\mathrm{d}\tau N^{[0]}[\tau,$ $x-k^{+}(t-\mathcal{T})]\}^{m}$ . (45)
, (38) , $\varphi^{[1]}$
:
$\varphi^{[1]}(t, x)$ $=$ $\exp\{\int_{0}^{t}\mathrm{d}\tau N10][\tau,$ $x-k^{-}(t-\tau)]\}$
$+ \exp\{\int_{0}^{t}\mathrm{d}\tau N^{[}0][\tau,$ $x-k^{+}(t- \tau)]\}\exp[-\frac{v_{0}}{\mathit{2}_{\mathcal{U}}}(x-x0-ct)]$ . (46)
(46) $N^{[01}$ , (22) (23) . ,
1 2 , (27), (28) $f$ $g$ .
, (24) (46) $\alpha$ 1 .
, $\varphi^{[1]}$ $\nuarrow 0$ , $v$ . 4 , 2
, $t/\nu=200$ 900 , $t/\iota \text{ }=100$ $v$
. $v^{[1]}$ $v^{\{1\}}$ ,
. $v^{[1]}$
v , ,
. , $x=0$ – , x\rightarrow xl+
$v\mathrm{o}(1+\alpha/k^{+})\{=v\mathrm{o}[1+\alpha/(1+v\mathrm{o})\mathrm{i}\}$ . ,
54
. 5 , $\alpha=0.2$ , $t/\nu=\mathit{2}0\mathrm{o}\mathrm{o}$
$v^{\{1\}}$ $v^{[1]}$ .
.
4: $(x>0)$ $v^{\{1\}}$ $v^{[1]}$
5: $(x>0)$ $t/I\ovalbox{\tt\small REJECT}=2\mathrm{o}\mathrm{o}\mathrm{o}$ $v^{\{1\}}$ $v^{[1]}$
, . (29) ,
Error $[ \varphi^{[1]}]=\frac{\mathit{2}\nu}{v_{0}}\{N^{(0)}(t, x)-N[\varphi][1 ]$ } (47)
. (46) $\mathrm{A}\mathrm{a},$ $tarrow\infty$ , $\varphi^{[1]}$
$\varphi^{[1]}=\exp[-\frac{\alpha v_{0}}{2\nu}\frac{(x-X_{1})}{k^{-}}.]+\exp[-\frac{\alpha v_{0}}{2\nu}\frac{(x-X_{1})}{k^{+}}]\exp[-\frac{v_{0}}{\mathit{2}\nu}(x-x0-ct)]$ (48)
. , $N[\varphi^{[1]}]\text{ ^{ } _{ }}$ . $\nuarrow 0$ , $\varphi_{x}^{[1]}/\varphi^{[1]}$
$x=x_{1}$ , $N[\varphi^{[1]}.]$
55
. , , -
.
, $\varphi_{x}^{[]}1/\varphi^{[1]}$ $x=x_{1}$ $\nu$ . $\nuarrow 0$
, . , $\varphi_{x}^{[1]/}\varphi^{[]}.1$
$N[\varphi^{[1]},]$ :
$N[ \varphi^{[11}]=-\frac{\alpha v_{0}}{\mathit{2}\nu}\{\frac{\alpha/k^{-}+(1+\alpha/k+)\exp[-v_{0(x_{1^{-x_{0}}}}-Ct)/\mathit{2}\nu]}{1+\mathrm{e}\mathrm{x}\mathrm{p}1^{-}v\mathrm{o}(_{X}1-x_{0}-Ct)/2\nu]}\}$ . (49)
$tarrow\infty$ ,








, . , ,
( ) , 2
. , :




– , $v_{0}$ $1+\alpha/(1+v_{0})+O(\alpha^{2})$ .
$(v0arrow \mathrm{O}),$ $(1+\alpha)$ , v
. ,
, .
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